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Abstract. In this paper we give solutions to fundamental problems of the Wess-Zumino-
Witten model for general cases. We find also the explicit connection between the crossing
matrices of the SU(2), wzw model and the crossing matrices of the SL(2, ¢) quantum
group; the latter are the quantum Racah coefficients.

1. Introduction

In recent years the study of conformal field theory has developed a great deal [1-3].
As we know, the SU(2), wzw model is connected with the minimal [1] model, the
superconformal model [2] and the parafermionic model [4] through the cko coset
constructions [3]. For example, the constructions SU(2), ®SU(2),/SU(2),+;, when
I =1, correspond to the minimal model, ! = 2 corresponds to the superconformal model,
=3 corresponds to the parafermionic model. So study of the SU(2),wzw model is
not only helpful to understanding the model itself, but also helpful for understanding
the theories of the minimal model, superconformal model and parafermionic model
etc. Recently, Alvarez-Gaumé et al found that the SU(2),wzw model is related to the
SL(2, g) quantum group [5]. In this paper we will make this relation clearly and
explicitly.

A few years ago, Knizhnik and Zamolodchikov discussed the SU(n) wzw model
and provided an equation satisfied by the correlation functions (the so-called xz
equation) [6]. Tsuchiya and Kanie [7], using the approach of vertex operators, studied
the SU(2), wzw model. They identified a fundamental problem of the model, namely
to determine the crossing (braid or fusion) matrices of the model. They gave a solution
to the reduced kz equation for the case of isospin j; =3, and worked out the solution
to the fundamental problem for that case. They did not give general solutions, mainly
because of the difficulty of solving third-order or higher-order differential equations.
From this paper we find that the crossing matrices do not depend on the detailed forms
of the solutions to the reduced Kz equation, it depends on the exponents of the
differential equations at singular points. Thus, we need not solve the kz differential
equations. In the present paper, solution of the fundamental problem for the case
Ja=1is worked out as an example of our method. The general solutions are given
thereafter.

A brief review of the fundamental problem is given in the next section. The kcG
constraint to the model is discussed in section 3. Solutions to fundamental problems
for j;=1 and general cases are given in section 4. In section 5 we provide an explicit
connection between the SU(2), wzw model and SL(2, ¢) quantum group, namely that
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the crossing matrices of the SU(2), wzw model and those of the SL(2, q) quantum
group are connected by triangle matrix transformations which reduce to similar
transformations when j, = j,.

2. The fundamental problem of the model

For the sake of completeness, we had better give a brief review of the fundamental
problem of the SU(2), wzw model.

A triple (;/;,) of non-negative half integers j,, j, and j is called a vertex which
presents a process of coupling j®j, - j,. In[7] it was proven that there exists a non-zero
vertex @ of type (;/;,) on % if and only if the vertex (;;,) is a KCG vertex, i.¢. it satisfies
the K-constrained Clebsh-Gordan conditions:

lj2—jl<hi<h+i Jititisk htitiel (2.1)

where ¥ is the highest-weight space of an affine Lie algebra of type A{".
The xz equations for the SU(2), wzw model have the forms

( )<<1>N<zN)...cI>1(z,>>=o (2.2)
9z; j=iZi— 2z

where

Q=2 ti1], (2.3)

a

and 1} are the representations of the SU(2) generators of the field ®,.
For a quadruple (jf‘j3j2j1) of half integers, we have two vertices ®,(w), ®,(z)
which correspond to (;3,) and (3, respectively (as shown in the figure below):

Js J2
Ja W ) Z jl
The correlation function ¢(w, z) =(®,(w)d,(z)) satisfies the equation

((k+2)-5——9—‘3— 92’) (w,2)=0
aw w w

(2.4)
Q, Oy

<<k+z>———z——z_w)¢<w,z>=o

which is just the Kz equation for the case z;, =0, z,=12z, z;=w and z,=0c0, From (2.4)
we also find

9 9
(wa—;+za—£+A4)¢(w,z)=0 (2.5)

where

_(k+2)A4 Q12'+'Q13+023
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Introduce a variable { = z/w. From (2.5) we find that the function z%g(w, zw) is
independent of w. So, we abbreviate 2%y (w, zw) to Y(¢). Then, from (2.4) we obtain
the reduced xz equation

k+2)—— - =0, 2.6
(( b ; o) (2.6)
The change of coordinate { > n = 1/{ transforms equation (2.6) into
(<k+z)i—&——‘—’£)w<1/n)=o. @7
dn n =n-1

For any quadruple (jjs j»j,), the function ¢({) is V; valued, the space V; is the
space of all SL(2, ¢) invariant elements in V,®V,®V,®V,, and V, is the dual
SL(2, ¢)-modules of the irreducible left SL(2, ¢) module of isospin j. There are three
orthogonal bases {USQHUSVH U} of V,, defined by

Ji2 J23 J13

1 j—m jom j,m
U}?z) == Z (—1)+ 4CJ,§,21m'22C'1,}‘112‘;713‘Pj4(_m4)®¢j3(m3)®¢j2(m2)®¢jl(ml)
2.]4+1 myt+my=my;

m12+M3=m4

1 . . )
(1) _ My m, My —
Uj213 = /--—2]. 1 m2+m23=m23 (~1y erﬁlmzscjr?émi ‘Pj4( m4)®€0j3(m3)®‘sz(m2)®‘le(m1)
may3+m =my

(2.8)

1 . ; )
(00) 4T, 4 m -
Uj”) B 2] +1 m1+r:‘;=m|3 (-I)J C-I'%z’"lscj';‘imas‘Ph( m4)®¢jz(m3)®¢jz(m2)®¢jl(m1)

mz+M|3=M4

where C}i7, are cG coefficients, and o™ are elements of the base of V. The three
bases of V, defined in (2.8) diagonalise the operators {1,,, {),; and ), respectively, i.e.

QU9 = (k+2)(4,,—A,—A,) UY

e Ji2
023 Uﬁ2‘3) = (k + 2)(Aj23 - Ajz - Ajs) Uj('zls) (2-9)
Q4 Uﬁ-:’? =(k+2)(4;,—4;,—4;) UJ(‘;O)

where A; =j(j+1)/(k+2).
Write a solution to equation (2.6) as

W)= Uy () = Uy (1/0) i=0,1 (2.10)

where UQ¢9(2), UVyV(¢) and U™ ¢(¢) are the solutions to (2.6) under the
bases U, U'Y and U, respectively. And the three solutions analyse at { =0, { =1
and { =0, respectively. There are two transformation relations among the three
solutions:

Uy = UK (o s j2 1) U@y =U Y VF(jsjsjojv)- (2.11)
We denote the transformation matrices among the three bases as S, i.e.
U=y soe U®=yrson, (2.12)

Inserting (2.12) into (2.11), we obtain

SOy = ¢ (K (Jajsizir) SOVYOL) = YD) F(jajs jajr)- (2.13)
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The important thing is that the transformation matrices (F or K) among the solutions
under the different bases are independent of {. The so-called fundamental problem is
to determine the transformation matrices K and F. As we know, however, the matrices
K and F are just the crossing matrices (braid and fusion matrices) of the model.

3. kcG constraint condition of the model

For a quadruple (j,j3Jj2j1) with jy=min(j,jsj,j,), we introduce a set I, (jsjsj2j))
defined by

L(jsjsj2g1) ={p€3Zs0,0<2p=<k, ()€ (kca), (5)e(kea))  (3.1)

where (kcG) denotes the set of vertex operators which satisfy the KCG constraint
conditions. The definition of the set I, means that the values of intermediate edges p
should be constrained by the following four constraint equations:

Ja—JsSpsjitjs .
CG constraint

h=jl<p<jitj

Jatjstps k}
Jitiatpsk

(3.2)

k constraint.

This is just the KcG constraint for the conformal block () in (2.6).
Given jy~j3=|j,— 2, jatjs=<j,+j, and k sufficiently large that k= j, +j,+j; + j4,
then p takes values in the set

Le={jatjs,Jatjs—1, ..., ja=js} (3.3)

Under this case, the reduced Kz equation will become 2j; + 1 linear differential equations
and the matrices K and F become 2j;+ 1 X 2j;+ 1 matrices. But for some special cases
the cG-admissible values of p will reduce and hence the dimension of V, (number of
p) will be reduced as well. We denote the case under which the admissible p have m
values as (DM).

When j,=j,+jstjs—m+1,orj,=j+j,+j;—m+1,orj,=j,+j,+j;—m+1,under
the cG constraint, the 2j;+1 values of p for every case above will be reduced to m
admissible values, the space V; becomes m dimensional. We denote these three cases
as (DM)', (DM)? and (DM )?, respectively.

For (DM)'+

Le={jatjs,Jatjs—1,.. ., jatjs—m+1} (3.4)
and for (DM)?

Ik={j4—j3+m_1’j4_j3+m_2""aj4_j3} (3.5)

where m takes values in the region 1s m=<2j,.

Of course, the above consideration is only of the ¢G constraint. If k takes certain
values in the region j, +j,+j,—j; <k <j,+j,+j:+js, the k constraint should be taken
into consideration. Under the k constraint the cases (DM)'** will degenerate to

lower-dimension cases (say n dimensional), we denote this case as (DM),>* (n < m).
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For example, when k =j, + j,+ j,+ j: — n, under the k constraint, the cases (DM)'**
degnerate to (DM) 2, (0<n<m). The intermediate edges p take values in
I _{{j4+j3—m+1,j4+j3——m+2,...,j4+j3-—n} for (DM)2, (3.6)
it menjamjstm—nt1,. =) for (DM)3, . (3.7)

I, = when m=n.

4. Solution of the fundamental problems

The solution of the fundamental problem for the case j, =3 was given in [7], so we
need not repeat it here. In this section we consider the case j; =1 first, then we give
the general solutions.

For the quadruple (j,1j,j,) with j,, j»,j,=1 we have

L(jaljajh) ={p€3Z=0, (;},) € (kca), (J3,) € (xca)}. (4.1)

We know that the number of p in I, is equal to dim V;=<2j,+1=3, and dim V,=3 if
and only if (case (D3))

Ji—jh=<js—1 Ja+1=<j,+j, 1+j,+j,tj.€Z. (4.2)

From the discussion in section 3, we know that the case ( D3) can degenerate to (D2)"*?
and (D1)"*? under the special choice of j, (i=1, 2, 4).

First we investigate some basic problems in case (D3). We can see that any of the
three bases of V, defined in section 2 has three elements in case (D3). j,, can be j,+1,
Jas Ja—1 and we denote these three elements in {U{%} as U'” (i=1, 2, 3). We can also
write {U}))} and {U{} as U{" and U™, where t—l 2, 3 correspond to j,;=j,+1,
J2, j2—1and jis=ji+ji, ji, i1, reSpeCthCly

We define
Qnugo)=(k+2)(‘)’§'o)_A4)“5'0) Qosui” = (k+2)yVu? (4.3)
4.3
Qoo™ = (k+2) 7 ul™
where
As=4;,+48,+A,-4,.
So we get
2 2j,--2
0 _ (0) _ (0) 4
2j,+4 =— =22~
04 k+2(14 ) Y = Y3 T2
1 2 2j,+2
(1 _ . (1 _ (1) J2
= - =22
[ LR 3 k+2 (44)
2 2j,+2
() o 5; () _ _ () _ &1
vi k+2 /i v k+2 : k+2"

Introducing the differences

7y =y =¥y 75" =3(y{" = ¥§") 75 =5 — 4 i=0,1,0 (4.5)
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we have
aHt2 e BT e 22
k+2 k+2 k+2
o _2at1 22t ) _2ht1
T k2 (L) " T e
77(30)='214_ 17(31)=_;2_ji_ n(scc>=__2_il__
k+2 k+2 k+2
The transformation matrices S’ between {U'"} and {U!"} are given by
(i, uf, ud) = (ul", ul’, ui") S,
Using 6j symbols from [9] we get
An _Alz A13
SO =150 =1 -4, Apn An
A31 A32 A33
Al A i3
§UP =150 = Al Aby —Ah
Agl “Aéz 33
Al -AL AL
SV =180 = A5 —AL AL
Az AL Al
et ) (s )
M MN2 M M N3 M2 "My
T B === IR (-
M2 M3 M M M M2 "M M3
As= (i?sfojili‘t( ] =< fece )”2
m <o) (0) <oc)(n<oc)
(————) an=( (0)28&*?‘?1?“@))”2
7" sy n3 Mz M
2 77 M2 M3
and

A=Ay (=)
Aj=Ay; (j2=a)
The &; are given by

1
Eo= k+2(11+12+14+2) g = k+2(11+12+1+J4—2j.) i=1,2,4

, | , | P .
co=T—7(ji+j2tjs+1) €i=m(Jl+JZ+]4_ZJi) i=1,24

k+2

(4.6)

(4.7)

(4.8)

(4.9)
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Write a solution ¢({) as

$() = (ui"”, uy’, ui)y

Equation (2.6) becomes

£+7<11)_a(lo> b\ . T
{ {-1 {-1
(0) (0 (4 (0) (0)
__((P(o,) b _Yi_+72 +a; bs (¢(0))
{1 4 {1 {1
po O g g0
° =T
'y(f”—a‘,”_*_ e il) .
4 -1 4
(1) (0) 4 (1) (n (1)
"‘(90“))— b Y2 *ax vy 22 (oM
4 ¢ {-1 ’
b(21) 'y(°)+a ,ygl)
O ——
i ¢ S
and equation (2.7) becomes
Ny e bi™ 0
n n~—1 n—1
L B
® (e3)
n-1 n n—1 n-1
0 b(zoo) ,ygoc)+ ,y(1)+ a(cr)
i n—1 ] n-1 |
where
0)_ 2€08, © _ 2(eqei—elel) ) _ 2808}
TR N ST R
(1) _ 2808 1y 2(e0es—€i8€)) (1) _ 28081
TR P (k+2)mi s TS
(<) _ 2E0E4 ) _ 2(e0g3—£14) (o) 28084
1 = n(]oo) 2 (k+2) (oc) (oc) a, = 77(300)
b(IO) 2"720)<f='o~€15/1'34>”2 b(o)___z’f)(m £0E1E3E, vz
(0) 2_,7(0) (0) 2 (0) 277(0) (0)
b“):zL £of1ehe4) " bm_z"?“) 80318284 2
1 (L a it (1) 2 =
m N3 M2 27)1 772
b = 2n§°°’< osieses )”2 o 277“”) (sete )”2
() () 2
275 7 \27 P

(i) (i) (r)
P Pz L3

(r) (i)
@31 4’32 P33

D) = (uf”, ud'ui")| o <P§'3) @39 |-

3437

(4.10)

(4.11)

(4.12)

(4.13)
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From (4.11), we have

(0)
d ,y(o) ,y(l)__ at® b
(0) ) 4 T2 N PR (1)) i (0)
—+ nt

d_§¢”= ¢ -1 §-—1‘P21

d (0) b(IO) (0) (Y(ZO) 7(2”+a(20)> (0) b(20) (0)

—_ = — — s + == 4,14
dg‘sz {—I‘P” ¢ -1 @21 {__14031 ( )

0 L ()
4o b o, (% y el o
P35 = P2 @3y
74 {1 4 {-1
and (¢\P¢5esY) and (@Y @5 @sy) satisfy the same equations as (4.14). It is difficult
to solve equations such as (4.14), but we can get the exponents of equations for ¢}{,
o, ¢3) at the singular points £ =0, 1, ©, We denote the solution by the exponents

of the equation at the singular points as

(0 1 o )
(0) 1) (o0)
q:(O) <P(0) <P(g)€p< Y1 Y1 Yi
i1 12y 1 0 (1) (o)
’ 1+v" vy vs
(0) (1) C)
\2+')’3 Y3 Y3

/

[0 1 00 )
(0) (1 {o0)
0 __(0) (0 Y2 Y2 Y2
@21, P32, P23 € PY < f (4.15)
1+ 0 95
2 A 1)
[0 1 oo )
(0) (1) (20)
© (0 (0 Y3 Y3 y5T

P31, P32, P33 € P .
1 L4987 90 g

2+7" 7 )
Similar expressions can be obtained for ¢’ and ¢{° .

In order to find the explicit form of the K (or F) matrix, we first need to solve
the solutions of the cases (D2)"** and (D1)"** with the help of the knowledge of
hypergeometric functions, and then we come back again to investigate the case (D3).
First we consider the case (D2)'. Under this case, j, =j,+js, I = {j.+ 1, j} and &, &}
become

1 2j,+1 . 2
S0 et mThn TR
. . . : (4.16)
£E4='2'}2_+'l E‘,:,:'z_h" €o=§lj'—_2 66=2J]+l.
k+2 k+2 k+2 k+2
The transformation matrices (4.8) become
0 0 1 n Ap 0
5§50 = -Az An O SHO)=<A§1 A O
Ay Ap O 0 0 1
0 -AhL AL
§*V=10 -AL -AL]| (4.17)

1 0 0
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So in this case, dim V, =2, and it is convenient to choose the bases of V, as {u{”, u$”},

{ul", u 9, {u(x) us™}, which correspond to j,,=js+1, ju, jaz=J2+1, jo, and jiz=j,
j1—1, respectively. The transformation matrix 5% for these new bases becomes

S(oo,o) - (—Aﬂ A22>
A31 A32 Ji=jatiz

where

. 1/2
J2
A21|jl=12+14 = Aszlj|=jz+ja = (jl(j4+ 1))
(4.18)

14(j1+1>>”2

A22l1x=j2+j4 = A31’J'1 =jstia (jl(j4+ l)

With the help of the hypergeometric functions (see [7]) and after some calculations
we can obtain the elements of the braid matrix K defined in (2.11). For the case (D2)’,
the matrix elements are

Koo _(14+,)(2j,(zj4+2>>‘/2r(<2j4+z)/(1<+2))r(—2jl/<1<+2))
n=-4q 2% 2j, T(2/(K +2))T(=2j,/ (K +2))

[(n{")0(=n}"
T2(K+2))I'(—ey)

U DA T(n ") (75"
I'(eg)'(e3)

=-g"""V(AY)

KZ] q (4. 19)

T(=n") (=08
I'(—go)T'(—¢h)

L(=n )T (ns™)
I'(=2/(K+2))I'(e)

K= qo(A3—11)

=4q (A3)

where g =exp[2#i/(k+2)].

After a similar discussion we can also obtain the braid matrix K for cases (D2)?
and (D2)*,

For (D2)?, j,=j,+Jja., and the elements of the braid matrix for this case are

T(n{ )T (=nt™)
F(eNI(—¢€4)

Ty (ny)
I'(e0)(2/(K +2))

K= q—(jzﬁ)(Al_ll)

K =- q'“““)( )
(4.20)

T(=n{)T(=n™)

I(—e)T(-2/(K +2))

T(=ni")T(n1™)
F(=e1)T(el)

K= “q +1)(Al )

K __qO( A—l
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For (D2)?, jo=j\+Jj,; the elements of the braid matrix for this case are
I(n)C(=7{")

T(e)T(=2/(K+2))

T(n{"(ni™)

I'(eo)l(e2)

T(=n3" )T (=n'™)
[(—go)I(—¢5)
T'(=n3")T(n™)

T(—eDT(2/(K+2))

In the following we want to discuss the case (D1). Because dim V,=1, it is not
important what bases are chosen. But for compatibility with condition (D2) we choose

K= —CI WAL

7°(A3)
(4.21)
K= g (AL)

K, q(Az)

u@=yV=y for (D1)"?
u@=yV=—y" for (D1)?
ie.
1 for(D1)"’
0y _ ‘ 422
S {—1 for (D1)? (4.22)
The exponents of equation (2.6) at { =0, 1, © for cases (D1) are given as
2js+4 2j, —2=2
D1)! (0) _4J4 () o) ., YL =
(D1) Y T k2 Y k2 Y k+2
2
D1)’ © = +4 Do (2),42 =2 (42
(D1) Y k+2(214 ) Y k+2(]2 ) Y 3 (4.23)
2 2,
D1)? © (42 o) o S
(DD Y k+2(2 2J4) Y Tk+2 Y Tke2
We write ¢(¢) = u"¢' (), where ¢'”, ¢'V and '™ satisfy the equations
Q) (1)
Y Y (i) .
-— =0, 1
z"' < : :—1)"’ :
(0) W (4.24)
lll(w) (')’ _}’____)w(ac)
n n-l
The solutions to (4.24) are
d,(O) = ll/(l) = c{y(03(1 —{)7“)
(4.25)

l[l(w) - Cnytco)(l _ n)ym

For cases (D1)'”, we have ¢ =q72¢4/'”, and for (D1)* we have '™ = g2 "y @,
From §'%¢'¥ = ¢ K we get the braid matrices for cases (D1)"*>

K = {q"z for (D1)*? (4.26a)

g Uy for (D1)°. (4.26b)

We have discussed the cases (D2) and (D1). We can see that the crossing matrix
K depends only on the exponents of the equations at singular points. This is also valid
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for (D3). Since (D2) and (D1) are special cases of (D3) with some constraints, we
can get the braid matrix for (D3) through that for (D1)"** and (D2)"*°,

First we introduce some quantities which are combinations of the exponents of
K —z equations for case (D3):

=3P+ =6 a,= —1(7§°)+ y5'+ 95 =g
D=1+ A+ ) = e, =l ) = .
v =3y + ¥+ i) =6, Y, =— (v‘°)+ﬂ/(°°)+y§“)=6£

(00)

()= 5+ 0+ ) = el
Then the elements of K for (D3) are given by

K = ki) n(lo)n(o)n(oc)n(co) l/zr(n(o))r(n(m)r( n(m))l—-(_ngoc))
n=a BUBYBTB)  T(BO)T(BY)I(-B)T(-BL)

_(,ﬁl)( (°)n‘°’n<°°’n(°°>>“2r(n%‘”)r(n‘;’))r(n OL(=n5*)T(1/(k+2))
20,877, 85° (o)) T(B)F (y)T(-BE)T(2/ (K +2))

40 ,,n< )n‘O)n(”)n‘x)y” T(n)T (ST ()T (n§)
Q1 x2Y1Y2 r(al)r(az)r(71)r(72)

°>n<°>n[°°>n<°°’)‘”r< {0~ (=n5)D(=1/ (K +2))

YO+ +y ) =6y

(
K= '_q(jlﬂ)( 21

©y,85 [(—a)T(B)T(— y)T(-BS)(=2/(K +2))
K
2o <a,y2r(a1>r< a1)<r<yz>r< ¥2) B‘1°’B(°°)I‘(B§°))F( [3‘1°’)F(ﬁz°°’)1“(-ﬁé°°’>
xT(=n{) L () ()T (=1?) (4.28)

K32=—qf("(0)7'(0n(m)nmy‘ P (n )L (n SN () (~1/ (K +2))

20,817 y,85" T(a)T (=BT (y)T(BE)T(=2/(k+2))
K =qu4—j,—1<772 n3°)n(°°’n‘°°’)”2l"( SN (=nS)L (=) (= ns™)
. 127172 T(=a)I(=a)T(=y)T(~7,)

e j4<n§°>n‘°>n‘°°>n<°°’>‘“r( AV (= T ()T (=T (1/ (K +2))
277N 20,807,8 T(—a,)T(-BY)L(B)T(—y)T(2/ (K +2))
Koo jlﬂ-(n(zo’n‘(’)n(w)n‘w)>'/2f( (=T ()T (n§)
BT\ BUBPB™BS )  T(=P) (-8B ()

How can we know the expression for K for case (D3) is given by (4.28)? We have
the following explanation. For example, the K, elements of matrix K for case (D3)
should degenerate to K, of equation (4.20) when j, =j, +Jj4, and degenerate to (4.26b)
when j, =j, +j,+1, which means that the K,, for (D3) has the form given in (4.28);
the K,, of K for (D3) is determined by its degenerate form K, in (4.19) and K, in
(4.20). Other elements of K for (D3) can also be determined by such a method.

In the foregoing, we have discussed the braid matrix K for j; = 1. A similar method
can also be used to determine the crossing matrices of (D4) for j;=3 from their
degenerate forms in (D3)"*?, (D2)"** and (D1)"*?. For generic j;, the crossing
matrices for (D(2j;+1)) can be determined from their form in the cG-degenerate
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cases (D(2/;))"** (D(2j;—1))"*°,...,(D1)"*?, The braid matrix K(j,jsj»j,) for
(D(2j;+1)) has the form

K (jajsjzir) = (Ku) LI'=0,1,...,2j;. (4.29)
The elements are
K= (_1)J’z—ia+213—l’—lq(—jstj.+j4)+l’j4+b'l—j§+j3(l+1'—1)—<1/2)1(/—1)—(1/2)1'<1'—1))
X [(2f4+ 25— 20+ 1)(2j, +2j; =21+ 1)]7V/?
X[T((2j4+2j5—2I'+ 1)/ (K +2)(=(2j; +2j; =21+ 1)/ (K +2)]"
o v Jatis=l
x {Js ja +js—1}r' (430)
The I' 6j symbol on the right-hand side of (4.30) has the following definition:
{jz JioJatia— l'}
j3 j4 jl +.]3 - l
- <P®(j1 Y —js st D Pl —atistia— ) Pe(=ji +iatis His—1)
P@(.jl +j2+j3 +j4— I'+ 1)
% P@(_jl +f2_j3 +jat I)P@(jl _j2+f4+j3_ I)Pe(jl ti—Jatjs— l)
Po(ji+iatistis—1+1)
. Poll) Po(2js = 1) Po(2j = 1) Po(l')Pel(2)s — I') Pol(2js = 1’))‘/2
Poi(2ji+2j5—1+1) Poi(2j3+2j,—I'+1)
(=1)’Poe(z+1)

X
=0 Pac(z—ji—jo—j3—Jat ) Pec(z—ji—ja—js—jst+])
y 1
Pyc(z2-2j,=2j3+ D Peo(z = 2ja = 2j5+ I') Pao(ji+jat j3t+ja—2)
1

x — — : (431
Poc(Z, 4 21 2~ T 1= 2) Pas(ji t ot jot 3o 1= T =7) )

where

o= ermkr2)) po=( 1 cartasces2)

n=t

Paolj) = ﬁl(nr(—n/(k+z))F(n/<k+z))>)_

j—i

; 1 (4.32)
Pei(j) = (U (nI*(=n/(k+2))) 1:[1 (nFZ(n/(k+2))))

Jj=1

Pe,<j>=(g (nT*(n/ (+2)) 11 (nr2<—n/(k+2>>>)_

and all P(0)=1.

Now let us discuss the expressions for K under the KCG constraints. The expression
for K(j,j1Jj2J,) given by (4.30) is a KcG free case. But the matrices of KCG constraint
cases can be given by some submatrices of K given by (4.30).

The K matrices of cG constraint cases (DM) are given by the submatrices as follows

K[{(DM)]=(Ky) (4.33)
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for (DM)!
=2j; - —mt2,...,2
{l 2js—m+1,2j;~m+2,...,2j; (434)
I'=0,1,...m-—1
for (DM)?
I=0,1,...,m—1
b 2 4 4.35
{l’=0,1,...,m—1, ( )
and for (DM)?
= -1
{l, 0,.1, , m ! . (436)
I'=2j,—m+1,2j3—m+2,...,2j,.

When the level k takes certain values in the region j, +j, —ja+js <k <j+j+j3+J4
the k constraint condition must be taken into consideration. In the k constraint case,
because of trunction of the intermediate edges, some of the elements defined in (4.30)
are not admissible, the admissible elements provide the braid matrix for this case

K (k constraint case) = (Kj;) (4.37)

LU'=ji+jatjstja~—k jitjatjatja—k+1,...,2). (4.38)
In this case, the non-admissible elements in (4.30) may develop poles, but the behaviour
of the admissible elements is good.

So far in this section we have discussed the braid matrices K of the model. Similar
procedure can also be done for determining the fusion matrices F, which have the
form (for the kcG free case)

F(jajsj2j1) = (Fy) LI'=0,1,...,2j, (4.39)
Fi=[(2a+2j3=2I'+ 1)(22+ 2j5 =21 + )] "H(T((2js +2j5 = 2I'+ 1)/ (k +2))
.jl’ j2 j4+j3_1’}
j3 j4 j2 +J3 - l I’
From (4.30) and (4.40), we obtain the relation between K and F
K,os(jajsj2di) = (—1)pw_j“j“q(c“+L““A(V”MCE)/2Fpﬁ(j4j3jl Jj2) (4.41)
where we use the intermediate edges p and j to present indices of the matrices, and
G =j(jt1).

><F(—(2j2+2j3—21+1)/(k+2)))_1{ (4.40)

5. Relation between the SU(2) wzw model and the SL(2, ) quantum group

The braid matrix of the SL(2, ¢) quantum group has the form [5]

cpp[’? ’?} = (—1)”*"’""f‘*q["ff*"u“'n“'ﬁl(".’ s ’f) (5.1)
Ja T J2 v P/gq

the last factor on the right-hand side is the quantum 6;j coefficient [8]. In [5] it is
pointed out that the braid matrix K(j31j) of the SU(2)x wzw model and the braid
matrix C['}*'/*] of SL(2, q) are connected by a similarity transformation. But we find
that in general cases, K (j, j; j»j,) and C[};}:] are not related by similarity transforma-
tions, but by triangle matrix transformations. From the expression for K (j;3j,,) given
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in [7], we obtain

-1 1
k(j4%j2j1) = (—I)Z(jlﬂz-jéﬂm <y+ ) CT[ ; }2](3 ) 5-2)
- Ja T B-

where

, =r<izj1+1)( [(x(=ji+ia+is T/ (k+2) )vz

k+2 )\ T(x(js+ja+jat 3/ (k+2)T(£() —ja+jat3)/ (k+2))
L(=(ji+j2=jat3)/(k+2))
(2,4 1)/ (k+2))T((2j, +1)/(k+2)) Y/z
T(=Q2ji + 1)/ (k+ 2T (=(=ji +ja +jat+3)/(k+2))
T(=(2ja+ 1)/ (k+2)0((jy +ja+ja+3/(k+2))
LG+ 2 +jat D)/ (k+2)T(~ (i T2~ ja+ 1)/ (k+2))
D(=(2ja+1)/(k+2)T((2j, +1)/(k+2)) 1z
C(=Qj+ D)/ (k+2)T((=ji+jaHjat2)/(k+2))
T((2ja+ 1)/ (k+2)T((Ji +j2 +jat+3)/ (k+2))
T(=(ji=j2+jat3)/ (k+2)T((y +j2+j4+%)/(k+2))/

When j, = j,, v. = B., this triangle matrix transformation becomes a similarity transfor-
mation. For j; =1, we have

a;] 1 R B~
k(jsljaji) = (—1)2(J‘+JZJ“+”( ag! )CT[ , h]( Bo ) (5.4)
-1 Ja 8.

o _

B.= (53)

B_=

where

()20 (£85”) )1/2
T(za )M (2a)T(xy)T(2y)T(£B5)B(£B5)

. _D(=n)L (057

TP (=15)

(I‘(mw))l"( s (s )T(= n<°°))1“(ﬂ(10’)1*(-ﬁéo))l“(—l/(k+2))1"(2/(k+2))>”2
T(=a )T (@)l (=y T (y)T(=B7)T(BFIT(1/ (k+2))T(=2/(k+2)

5~ ( (=)D T ) ()T~ n<°’>r<—m°’>r<—3§‘”)‘“

"I\ =)= (@) (@) T (3L (1) (BT (=BF)

D(=ni )T (08" (= ) (=)0 (757 b2
[(n5)D(BT(=BENT(=1/ (k+2)T(2/ (k+2)

T(n )T (=T (=a )T (@)l (= 1) (y2)
T(=B7 (BT (1/ (k+2))[(=2/ (k+2))

8 _(I‘( 75 )= (=n)I(~ n”‘”)l"('r7‘°’°’)F(77“’“)1’(3‘0’)1"(#3“”))”2
) T(n)T (ST (=)l (=az) L (=y)T (= )T (BT (BE) '

When j, =j,, a.=B., apg= Bo, (5.4) becomes a similarity transformation. For generic
J3, we also find similar relations. This is mainly because the elements of the matrix K

ai=l“(i1;‘2°°))<

(5.5)

Bo=
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given by (4.30) and the quantum 6; coefficients are related as follows:

Ky = (__1)jz—J4+2j3~l'—lq—j3<./l+j4)+l'j4+l/.~j§+13<:+r—1>‘(1/2)1(:—1)—(1/2)1'<1'—n
iy
><¢[214+2js—2l'+1][211+213—2l+1]{JF Ji ST }f(F) (5.6)
Js Ja Lhtis—1),
where
n/2 —n/2
9"’ —q
[n]l=—F—=F. (5.7)
q1/2_q 1/2

The function f(I') is square root of some products of ratios of I" functions:
(=2 +2j;=2I'+ 1)/ (k+2)T((2j, +2j; =21+ 1)/ (k+2))
T((2js+2j; =2+ 1)/ (k+2NT(—(2j, +2j; 21+ 1)/ (k+2))
xp(j1+j2+j3+j4“l+1) pljatjs—ji—Jst D)
plh+itjstis—1I'+1) P(‘j1+j2+j3+j4“l/)
XP(j1 —htistia=l) pUtjatis—ji=1)
plir—jatjstjs=1) p(i+ja—js—jat 1)
p(D) pQ2js=1) p(2ji=1) p*(2ja+2j;-2I'+1) 11(21'1*"’-j3—1+1)>”2 (5.8)
p(I) p2f3=1) p(2ja—1') p*(2ji+2j5=21+1) p(2ja+2js~1'+1)

f(T)=<

where

o 3 T(n/(k+2))
n=1 r(—n/(k+2))

From (5.6) we can see that the braid matrix of the SU(2), wzw model and that of the
SL(2, g) quantum group differ by a factor f(I'). From the discussion in [10], we know
that f(I') is dependent on the structure constant of the SU(2), wzw model. If the
conformal block #({) is not normalised to 1, but normalised to the structure constant,
then the crossing matrices of the SU(2) wzw model become identical to those of the
SL(2, g) quantum group.

p(0)=1. (5.9)
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